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Summary. A mixed-eﬀects item response theory model that allows for three-level multivariate ordinal
outcomes and accommodates multiple random subject eﬀects is proposed for analysis of multivariate ordinal
outcomes in longitudinal studies. This model allows for the estimation of diﬀerent item factor loadings (item
discrimination parameters) for the multiple outcomes. The covariates in the model do not have to follow the
proportional odds assumption and can be at any level. Assuming either a probit or logistic response function,
maximum marginal likelihood estimation is proposed utilizing multidimensional Gauss–Hermite quadrature
for integration of the random eﬀects. An iterative Fisher scoring solution, which provides standard errors
for all model parameters, is used. An analysis of a longitudinal substance use data set, where four items of
substance use behavior (cigarette use, alcohol use, marijuana use, and getting drunk or high) are repeatedly
measured over time, is used to illustrate application of the proposed model.
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1. Introduction
Ordinal responses are common in many areas of research.
For instance, smoking status might be measured using categories “nonsmoker,” “light smoker,” and “heavy smoker.”
Additionally, many kinds of data have a hierarchical or clustered structure. For example, subjects can be observed nested
within clusters (i.e., families, schools), or repeatedly measured
across time, and so the use of ordinal regression models that
ignore the correlation between subjects within a cluster or the
correlation between the repeated measurements of a subject
is problematic. For multilevel ordinal data (either clustered
or longitudinal), mixed-eﬀects regression models have become
increasingly popular (Hedeker and Gibbons, 1994). These developments have been mainly in terms of logistic and probit
regression models. In particular, because the logistic-based
proportional odds model described by McCullagh (1980) is
a common choice for analysis of ordinal data, many of the
multilevel models for ordinal data are generalizations of this
model.
The psychometrics and educational testing literatures report an enormous body of research relating to mixed-eﬀects
models for subject-speciﬁc comparisons of multiple categorical responses, referred to as item response theory (IRT) models (Lord, 1980). Here, item responses are nested within subjects, forming a two-level nesting structure. Samejima (1969),
Masters (1982), and Tutz (1990) discuss more general ordinal
IRT models. These models typically do not include covariates,
other than terms for the speciﬁc ordinal items.
In some situations, the clustered data structure could have
three levels of nesting. For instance, in a longitudinal study
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with multivariate outcomes, multiple item responses (level 1)
are nested within measurement occasions (level 2), which
are nested within subjects (level 3). For three-level discrete
data, methods have been developed primarily for univariate binary responses (Gibbons and Hedeker, 1997; Ten Have,
Kunselman, and Tran, 1999). Also, in the IRT ﬁeld, little
work has been done on generalizing models for multivariate
data with three-level nesting structures. Fox and Glas (2001)
introduce an IRT model for binary outcomes in a strictly clustered setting (i.e., items are nested within students and students are nested within schools). For three-level longitudinal
multivariate data where multiple random eﬀects are needed
at the individual level, methods have been developed for continuous outcomes (Roy and Lin, 2000, 2002).
In this article, we extend the three-level mixed-eﬀects
model for dichotomous clustered data of Gibbons and Hedeker
(1997) to allow for multiple ordinal outcomes in longitudinal
settings. More speciﬁcally, at the multiple outcomes level, a
separate random-eﬀects standard deviation, or item discrimination parameter, is included for each ordinal outcome. These
are akin to factor loadings in a factor analysis model. At the
subject level, multiple random subject eﬀects are included to
account for the longitudinal design. This model is developed
for both the probit and logistic response functions. To motivate the model, we use the threshold concept, in which it
is assumed that a latent unobservable continuous response
underlies each of the observed ordinal outcomes, and the latent continuous response follows a linear regression model
incorporating random eﬀects. A maximum marginal likelihood (MML) solution, via Fisher scoring, is described using
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multidimensional Gauss–Hermite quadrature to numerically
integrate over the distribution of random eﬀects. In modeling the cumulative logits for the observed ordinal responses,
both a proportional odds and a nonproportional odds model
are described. Both models are applied to a data set from the
Aban Aya prevention study, where multiple ordinal items of
substance use behavior are repeatedly measured over time in
a sample of inner-city youth.
2. Multilevel Representation of IRT Model
To prepare for the three-level IRT model for ordinal responses,
we ﬁrst consider a basic IRT model for binary outcomes. Suppose that there are N subjects responding to m questions
(items). In multilevel terms, this corresponds to a two-level
data structure with repeated observations at level 1 nested
within subjects at level 2. The Rasch model (Rasch, 1961)
speciﬁes that the probability of correct response by subject
i (i = 1, 2, . . . , N ) on item j (j = 1, 2, . . . , m) depends on
a subject’s ability θi and item diﬃculties αj through the
equation
pij = Pr(Yij = 1 | θi ) =

1
,
1 + exp[−(θi − αj )]

(1)

which can be recast in terms of the logit of the response as
logit(pij ) = θi − αj . The distribution of abilities θi in the
population of subjects is typically assumed to be standard
normal. An extended logistic model for dichotomous responses
is the two-parameter model described in Lord (1980), which
speciﬁes that the conditional probability of a correct response
is given by
Pr(Yij = 1 | θi ) =

1
,
1 + exp[−τj (θi − αj )]

(2)

where τ j is the slope parameter for item j (i.e., item discrimination), and αj is again the diﬃculty parameter for item j
(i.e., item diﬃculty). As noted by Bock and Aitkin (1981), it
is convenient to let β j = −τ j αj and write
Pr(Yij

1
,
= 1 | θi ) =
1 + exp[−(τj θi + βj )]

(3)

or, in the logit form logit(pij ) = τ j θi + β j . Comparing equations (1) and (3), it is clear that the Rasch model is essentially
a restricted version of the two-parameter model where all item
discriminations (τ j ’s) are equal. For simplicity, in what follows, the two-parameter model will be referred to as the “IRT
model” while the one-parameter Rasch model will simply be
termed the “Rasch model.”
The IRT model can be written in a matrix representation
by specifying Di as an m × m matrix of dummy codes indicating the items. For instance, suppose that there are four
items, then

⎡

⎤ ⎡
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(4)

This IRT model is simply a random intercept model that allows the random-eﬀects variance terms to vary across items,
whereas the Rasch model is an ordinary random intercept

model. Notice that β is simply the ﬁxed-eﬀects parameter
vector and T is the random-eﬀects standard deviation vector
that can also be viewed as the factor loadings of the items on
the unidimensional underlying subject ability θi . Goldstein
(1995) refers to this type of two-level model as a multilevel
model with complex variance structure.
Unlike traditional IRT models, the multilevel model formulation easily allows multiple covariates at either level (i.e.,
items or subjects). This and other advantages of casting IRT
models as multilevel models are described by Adams, Wilson,
and Wu (1997). More recently, Rijmen et al. (2003) provide a
comprehensive overview and bridge between IRT models, multilevel models, mixed models, and generalized linear mixed
models (GLMMs). As they point out, the Rasch model, and
variants of it, belong to the class of GLMMs. However, the
more extended two-parameter model is not within the class of
GLMMs because the predictor is no longer linear, but includes
a product of parameters.
3. The Three-Level IRT Model for Ordinal
Responses: Proportional Odds Model
Regression models for discrete responses are often motivated
and described using the “threshold concept” (Bock, 1975).
For this, it is assumed that a continuous latent variable y
underlies the observed ordinal response Y, and the value of
Y is determined by a series of increasing thresholds γ 1 <
γ 2 < · · · < γ C−1 , with γ 0 = −∞, γ 1 = 0, and γ C = ∞ (C as
the number of ordered categories).
Suppose, in a longitudinal study with multiple ordinal outcomes, m item responses are repeatedly measured across time
for N subjects. Let i (i = 1, 2, . . . , N ) denote the level-3 subject, let j (j = 1, 2, . . . , ni ) denote the level-2 time point, or
occasion, for subject i, and let k (k = 1, 2, . . . , nij ; nij ≤ m)
denote the level-1 item on occasion j for subject i. The mixedeﬀects regression model for the underlying latent variable yijk
can be written as
yijk = xijk β + w ijk δ i + dijk T (2) θij + ijk ,

(5)

where xijk is the p × 1 covariate vector, β is the p × 1 vector
of ﬁxed regression coeﬃcients, w ijk is the design vector for
the r random subject eﬀects (level 3), and δ i is the r × 1 vector of level-3 random subject eﬀects (e.g., random intercept
and slope), which follow a multivariate normal distribution
N (0, Σ(3) ). Similar to the two-parameter IRT model in equation (4), dijk is the m × 1 indicator vector for the repeated
items, and T(2) is the random-eﬀects standard deviation vector for the level-2 subject ability θij , which follows a standard
normal distribution. The residuals ijk are assumed to follow
a normal or logistic distribution with mean 0 and variance
σ 2 , for either a probit or logistic regression. Since the level-3
subscript i, the level-2 subscript j, and the level-1 subscript k
are present for the x, w, and d vectors, not all level-3 units
(subjects) are assumed to have the same number of level-2
units (occasions), and not all level-2 units are assumed to
have the same number of level-1 units (items). Though at a
particular time point, subjects may have the same number of
item responses, it is not the requirement of the model.
It is computationally convenient to represent the random
subject eﬀects in standardized form (Gibbons and Bock,
1987). Speciﬁcally, let δ i = T (3) θ i , where T (3) T (3) = Σ(3) is
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the Cholesky decomposition of the r × r matrix Σ(3) and θ i is
the vector of standardized level-3 random eﬀects. The reparameterized three-level model is then
yijk = xijk β + w ijk T (3) θ i + dijk T (2) θij + ijk .

(6)

This transformation allows us to estimate the Cholesky factor
T (3) , which is a lower-triangular matrix, instead of the covariance matrix Σ(3) . As the Cholesky factor is essentially the
square root of the covariance matrix, this then allows more
stable estimation of near-zero variance terms.
In models (5) and (6), the regression coeﬃcients β do not
carry the c subscript, that is, they do not vary across categories. Thus, the relationship between the explanatory variables and the cumulative logits does not depend on c. This
assumption of identical odds ratios across the C − 1 cut-oﬀs
is the proportional odds assumption of McCullagh (1980).
3.1 Probit and Logistic Response Functions
With the mixed-eﬀects regression model for the underlying
latent variable yijk , the probability that Yijk = c, conditional
on the random eﬀects, under the probit formulation is given
by
Pr(Yijk = c | θ ∗ ) = Φ[(γc − zijk )/σ ] − Φ[(γc−1 − zijk )/σ ] , (7)
where θ ∗ represents all the random eﬀects in the model (θ i
and θij ), zijk = xijk β + w ijk T (3) θ i + dijk T (2) θij , and Φ(·) represents the standard normal cumulative distribution function
(cdf). Without loss of generality, the origin and unit of z may
be chosen arbitrarily. For convenience, let γ 1 = 0 and σ 2 = 1
(for the probit response function). Alternatively, if the logistic response function is assumed, then the logistic cdf Ψ(·)
replaces the normal, and the standard variance of the logistic
is σ 2 = π 2 /3. In the development that follows, we will assume
the probit response function; however, we will note the necessary modiﬁcations if the logistic function is used instead.
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With the assumption that, conditional on the level-3 effect θ i , the responses from the ni occasions in subject i are
independent, the marginal probability can be rewritten as

n

∗

h(Y i ) =

Lij (θ )g(θij ) dθij
θi



ni

nij

g(θ i ) dθ i ,

(10)

[Φ(γc − zijk ) − Φ(γc−1 − zijk )]dijkc .

(11)

θij

j=1

where
nij

C

Lij (θ ∗ ) =
k=1 c=1

Here, θ i has dimension r and θij has dimension 1. Therefore,
the integration is of dimensionality r + 1 and is tractable
as long as the number of level-3 random eﬀects is no greater
than three or four, a condition which is typically satisﬁed for
longitudinal studies.
3.3 Estimation
For estimation of the p covariate coeﬃcients β, r(r + 1)/2
Cholesky elements of the level-3 variance–covariance structure T (3) , m item discrimination parameters T (2) , and C − 2
threshold values γ c (c = 2, . . . , C − 1), we diﬀerentiate the
marginal log likelihood for the patterns from the N level-3
subjects,
log L =

N


(12)

Let η be an arbitrary parameter vector, then we obtain
∂ log L  −1
∂h(Y i )
=
h (Y i )
.
∂η 
∂η 
N

(13)

i=1

For the threshold values, say γ l , we obtain
∂h(Y i )
=
∂γl

Ei
θi

n
i


nij
C



e−1
ij
θij

j=1

×

k

dijkc

c

φ(γc − zijk )δc,l − φ(γc−1 − zijk )δc−1,l
Φ(γc − zijk ) − Φ(γc−1 − zijk )



∗

× Lij (θ )g(θij ) dθij

g(θ i ) dθ i ,

(14)

where

C

[Φ(γc − zijk ) − Φ(γc−1 − zijk )]dijkc , (8)
j=1 k=1 c=1

ni
∗

eij =

Lij (θ )g(θij ) dθij Ei =
θij

where
dijkc =

1

if

Yijk = c,

0

if

Yijk = c.

Then the marginal likelihood of Y i in the population is expressed as the following integral of the conditional likelihood,
L(·), weighted by the prior density g(·)
h(Y i ) =

log h(Y i ) .

i

3.2 Maximum Marginal Likelihood Estimation
Let Y i be the vector pattern of the ordinal responses from
subject i for all of the ni occasions with nij items at each occasion. Assuming independence of the responses conditional
on the random eﬀects, the conditional likelihood of any pattern Y i , given θ ∗ , is given by
L Y i θ∗ =



i



θ∗

L Y i θ ∗ g(θ ∗ ) dθ ∗ ,

(9)

where g(θ ∗ ) represents the distribution of the random eﬀects
θ ∗ in the population (the joint distribution of θ i , a multivariate standard normal and θij , a standard normal density).

eij δc,l =
j=1

1

if c = l,

0

if c = l.

For the estimates of the other parameters in the model, let η ∗
represent the parameter vector containing β, v(T (3) ) (unique
elements of the Cholesky factor T (3) ), and T (2) (T (2) is already
a vector). We obtain
∂h(Y i )
=
∂η ∗

Ei
θi

n
i


nij
C



e−1
ij
θij

j=1

×

k

dijkc

c

φ(γc−1 − zijk ) − φ(γc − zijk )
Φ(γc − zijk ) − Φ(γc−1 − zijk )



∂zijk
× Lij (θ )g(θij ) ∗ dθij
∂η
∗

g(θ i ) dθ i , (15)
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where
∂zijk
= xijk
∂β 

∂zijk
= (θ i ⊗ w ijk )J r
∂(v(T (3) ))

∂zijk
= θij .
∂(T (2) )

In the above formula, ⊗ is the Kronecker product, and J r
is the transformation matrix of Magnus (1988) that eliminates the elements above the main diagonal. Note that, for
the logistic regression formulation, the logistic function Ψ(·)
replaces the normal response function Φ(·), and the product
Ψ(·) × (1 − Ψ(·)) replaces the standard normal density function φ(·) in the equations.
Fisher’s method of scoring can be used to provide the solution to these likelihood equations. For this, provisional estimates for the vector of parameters Θ on iteration ι are improved by



Θι+1

∂ 2 log L
= Θι − E
∂Θι ∂Θι

−1

∂ log L
,
∂Θι

(16)

where the observed information matrix, or expectation of the
matrix of second derivatives, is given by



∂ 2 log L
E
∂Θι ∂Θι


=−

N

i=1

∂h(Y i )
h (Y i )
∂Θι
−2



∂h(Y i )
∂Θι


.

(17)

At convergence, the large-sample variance–covariance matrix
of the parameter estimates is then obtained as the inverse of
the information matrix.
3.4 Computer Implementation
To solve the above likelihood equations, numerical integration on the transformed θ ∗ space may be performed. For this,
Gauss–Hermite quadrature is used to approximate the integrals by summations on Q quadrature points for each dimension of the integration. The summation ﬁrst goes over
Q points for the level-2 eﬀect θij , then over Qr points for
the r-dimension level-3 eﬀects θ i . For the standard normal
univariate density, optimal points and weights are given in
Stroud and Sechrest (1966). For the results in this article, 10
quadrature points and corresponding weights were used for
each dimension. At each iteration and for each level-3 subject, the solution ﬁrst goes over 10 points for the level-2 eﬀect
θij , substituting the random eﬀect θij by the current quadrature point and the evaluation of the standard normal density
g(θij ) by the current weight. Then it goes over 10r points
for the r-dimension level-3 eﬀects θ i , substituting the vector θ i and multivariate density g(θ i ) by the current vector
of points and weights, respectively. Following the summation
over the quadrature points and level-3 subjects, parameters
are corrected using the relative correction (Θι+1 − Θι )/Θι .
The entire procedure is repeated until convergence, which is
speciﬁed when relative corrections of less than 0.0001 are obtained for all parameters. This procedure was implemented
using the GAUSS language (GAUSS 3.6, 2001).
4. Application
The Aban Aya Youth Project (AAYP) was a longitudinal
eﬃcacy trial designed to compare the eﬀects of three multiyear interventions on reducing health-compromising behaviors such as substance use, violence, and unsafe sex. The three

interventions, namely, School-Community Program (SC), Social Development Curriculum (SDC), and Health Enhancement Curriculum (HEC), were implemented in grades 5
through 8 in 12 poor, African American metropolitan schools
in Chicago and the surrounding suburbs. A randomized block
design was used to assign schools to the three interventions
after stratiﬁcation on multiple indicators of risk. The AAYP
participants were students in ﬁfth grade classes in the 12
schools (9 inner-city and 3 near-suburban) during the 1994–
1995 school year or those who transferred in during the study.
Students who transferred out were not followed. Self-report
data were collected from the participating students at the beginning of ﬁfth grade (pretest in October of grade 5, T 1 = 0,
N = 668), and posttests in April or May at the end of grades
5 (T 2 = 0.5 year, N = 634), 6 (T 3 = 1.5 years, N = 674),
7 (T 4 = 2.5 years, N = 597), and 8. At the eighth grade,
data collection occurred at one of the three time points, T 5 =
3.0, 3.25, or 3.5 years, with total N = 645. The ﬁve waves of
follow-ups resulted in a total sample of 1153 African American
students, of whom 571 were male students. For details about
the design and procedures of AAYP, see Flay et al. (2004).
To illustrate application of the proposed mixed-eﬀects IRT
model for longitudinal multivariate ordinal data, substance
use behavior, which was represented by four ordinal items
(cigarette use, alcohol use, marijuana use, and getting drunk
or high) and was measured in all ﬁve waves, is used. All four
items were rated by students on a 4-point ordinal scale (1 =
never, 2 = yes in lifetime but not recently, 3 = yes in lifetime
and only once recently, 4 = yes in lifetime and recently more
than once). Here, we assume that the four item responses form
an underlying substance use construct, that is, the underlying
latent variable is substance use behavior.
Three proportional odds logistic models were estimated
with the AAYP substance use data. Results are listed in
Table 1. In all three models, the ﬁxed-eﬀects parameters include four item intercepts and four item-by-time terms, that
is, item slopes. In Model 1, the random intercept IRT model,
four item discriminations and one random subject eﬀect, the
random intercept, are estimated. In Model 2, the random
slope Rasch model, one common item discrimination and two
random subject eﬀects (random intercept and slope) are estimated. Model 3 is the proposed IRT model with multiple
random subject eﬀects. Here, random subject intercepts and
slopes, plus four item discriminations, are estimated.
The results for the ﬁxed-eﬀects parameters from all three
models generally agree in terms of indicating that at baseline
(grade 5), students are more likely to respond in the lower category (no substance use), as indicated by the negative item
estimates (β̂1 , . . . , β̂4 ). However, over time the probabilities
of all substance use items increase as indicated by positive
item-by-time estimates (β̂5 , . . . , β̂8 ). In addition, the items of
marijuana use and getting drunk or high have lower intercepts at baseline than cigarette use and alcohol use, indicating
cigarette use and alcohol use are more common at baseline.
However, marijuana use and getting drunk or high increase
faster over time than the other two items, as indicated by
larger positive item-by-time terms.
Likelihood ratio tests show that Model 3 ﬁts the data signiﬁcantly better than both Model 1 (χ22 = 30.5, p < 0.0001)
and Model 2 (χ23 = 168.7, p < 0.0001). This indicates that
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Table 1
AAYP substance use data: Parameter estimates (SE ) for models with diﬀerent
random-eﬀects parameters

Parameters
β 1 : Item 1, cigarette use
β 2 : Item 2, alcohol use
β 3 : Item 3, marijuana use
β 4 : Item 4, get drunk and high
β 5 : Item 1 by time
β 6 : Item 2 by time
β 7 : Item 3 by time
β 8 : Item 4 by time
σ I : Intercept variance (Cholesky)
σ IS : Intercept-slope covariance
σ S : Slope variance (Cholesky)
τ 1 : Item 1 discrimination
τ 2 : Item 2 discrimination
τ 3 : Item 3 discrimination
τ 4 : Item 4 discrimination
γ 2 : Threshold
γ 3 : Threshold
LogL
∗ p-value

Model 1
random intercept
IRT model
−2.802
−2.892
−6.429
−8.423
0.927
1.038
1.924
2.022
2.150

(0.127)∗
(0.130)∗
(0.234)∗
(0.372)∗
(0.052)∗
(0.050)∗
(0.085)∗
(0.121)∗
(0.083)∗

1.322 (0.085)∗
0.924 (0.071)∗
2.451 (0.130)∗
3.670 (0.207)∗
1.528 (0.035)∗
3.082 (0.060)∗
−7622.29

Model 2
random slope
Rasch model
−2.876
−3.142
−5.345
−5.647
0.927
1.084
1.649
1.479
2.430
−0.207
0.653
1.127

(0.152)∗
(0.163)∗
(0.193)∗
(0.207)∗
(0.069)∗
(0.072)∗
(0.082)∗
(0.087)∗
(0.158)∗
(0.079)∗
(0.056)∗
(0.055)∗

1.425 (0.033)∗
2.870 (0.053)∗
−7691.38

Model 3
random slope
IRT model
−2.842 (0.153)∗
−2.966 (0.160)∗
−6.313 (0.241)∗
−8.154 (0.371)∗
0.953 (0.068)∗
1.071 (0.069)∗
1.924 (0.093)∗
2.010 (0.126)∗
2.399 (0.156)∗
−0.235 (0.077)∗
0.612 (0.055)∗
1.108 (0.087)∗
0.703 (0.075)∗
2.171 (0.126)∗
3.338 (0.206)∗
1.537 (0.036)∗
3.105 (0.062)∗
−7607.04

< 0.05.

there is signiﬁcant variation in both the individual intercept
and linear trend, and that the discrimination parameters (factor loadings) for the four item responses diﬀer signiﬁcantly.
It should be noted that there are concerns in using the likelihood ratio test for nesting the null hypothesis of variance parameters (because of boundary problems), and that standard
application of this test does not reject the null hypothesis often enough (Berkhof and Snijders, 2001). In the present case,
this is not the case since both Models 1 and 2 are deemed statistically diﬀerent from Model 3. From the results in Model 3,
a signiﬁcant negative association between the intercept and
slope terms (σ IS ) is detected, suggesting that those subjects
with the lowest initial substance use level increase the most in
substance use across time (e.g., largest positive time trends).
This ﬁnding could be a result of a “ceiling eﬀect,” in that
subjects with high initial substance use level cannot exhibit
a large increase due to the limited range in the ordinal outcome items. In terms of the item discrimination parameters,
the estimates for marijuana use and getting drunk or high
(τ 3 and τ 4 ) are larger than those for cigarette use and alcohol use (τ 1 and τ 2 ). Since larger values of the discrimination parameter indicate that an item is more related to the
underlying latent outcome, the results here suggest that the
items of marijuana use and getting drunk or high are better
at distinguishing an individual’s level on the latent substance
use construct. This is not surprising considering the relatively
higher intercepts of cigarette use and alcohol use, indicating
that use of these two items is more common than marijuana
use and getting drunk or high. The item discrimination estimates additionally point out that cigarette and especially
alcohol use are not as related to the underlying substance use
construct.

So far, the only ﬁxed-eﬀects parameters in the model are
the item intercepts and (time) slopes. However, the proposed
model allows for a general form for covariates. To illustrate
this, gender (1 = female, subject level) and gender-by-time
terms (occasion-level) were added to the model. Results show
that there are signiﬁcant gender (z = −5.66) and genderby-time (z = 3.52) eﬀects, indicating that female subjects
have lower intercepts than male subjects, that is, at grade 5,
female students are less likely to use substances than male
students. Nevertheless, since the gender-by-time interaction
is also signiﬁcant, the probability for female students to use
substances increases faster across time than male students.
5. Nonproportional Odds Extension
The three-level ordinal IRT model that has been described
thus far assumes proportional odds for all covariates. Thus,
the eﬀects of the covariates are assumed to be identical across
all of the cumulative logits. As Peterson and Harrell (1990)
point out, it is not hard to ﬁnd violations of this assumption.
In this case, it is more appropriate to allow the covariate effects (e.g., item) to diﬀer across the logits. This can be done
by adding to the model in equation (6) an additional set of
covariates and a vector of regression coeﬃcients, which vary
across logits, namely
yijk = xijk β + w ijk T (3) θ i + dijk T (2) θij + uijk αc + ijk .

(18)

Here uijk represents the vector of covariates for which proportional odds are not assumed and αc are their regression coefﬁcients that vary across logits. Because αc carries the c subscript, the eﬀects of the covariates are allowed to vary across
the C − 1 cumulative logits. These terms are often referred
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Table 2
Parameter estimates (standard errors) for models without proportional odds assumption

Parameters

Model 4
nonproportional odds
for items

β 1 : Item 1, cigarette use
β 2 : Item 2, alcohol use
β 3 : Item 3, marijuana use
β 4 : Item 4, get drunk and high
β 5 : Item 1 by time
β 6 : Item 2 by time
β 7 : Item 3 by time
β 8 : Item 4 by time
β 9 : Treatment
σ I : Intercept variance (Cholesky)
σ IS : Intercept-slope covariance
σ S : Slope variance (Cholesky)
τ 1 : Item 1 discrimination
τ 2 : Item 2 discrimination
τ 3 : Item 3 discrimination
τ 4 : Item 4 discrimination
γ 2 : Threshold 2, cig
γ 3 : Threshold 3, cig
α22 : Threshold 2 diﬀerence, Alc
α23 : Threshold 3 diﬀerence, Alc
α32 : Threshold 2 diﬀerence, Mar
α33 : Threshold 3 diﬀerence, Mar
α42 : Threshold 2 diﬀerence, D&H
α43 : Threshold 3 diﬀerence, D&H
α52 : Threshold 2 diﬀerence, Treatment
α53 : Threshold 3 diﬀerence, Treatment
LogL
∗ p-value

−2.933
−3.070
−6.006
−6.753
1.035
1.159
1.736
1.619

(0.164)∗
(0.168)∗
(0.236)∗
(0.283)∗
(0.071)∗
(0.072)∗
(0.093)∗
(0.105)∗

2.662
−0.295
0.676
1.239
0.803
1.527
1.918
1.862
3.702
−0.095
0.225
0.943
1.600
1.288
1.818

(0.168)∗
(0.082)∗
(0.057)∗
(0.110)∗
(0.082)∗
(0.161)∗
(0.188)∗
(0.076)∗
(0.126)∗
(0.108)
(0.172)
(0.096)∗
(0.162)∗
(0.099)∗
(0.186)∗

−7477.29

Model 5
nonproportional odds
for items and treatment
−2.880 (0.217)∗
−3.019 (0.221)∗
−5.947 (0.274)∗
−6.689 (0.310)∗
1.036 (0.072)∗
1.159 (0.072)∗
1.736 (0.093)∗
1.619 (0.106)∗
−0.077 (0.207)
2.666 (0.170)∗
−0.297 (0.082)∗
0.673 (0.057)∗
1.231 (0.111)∗
0.805 (0.083)∗
1.523 (0.162)∗
1.913 (0.190)∗
1.969 (0.084)∗
3.896 (0.142)∗
−0.097 (0.108)
0.222 (0.173)
0.939 (0.095)∗
1.594 (0.163)∗
1.274 (0.099)∗
1.813 (0.186)∗
0.168 (0.061)∗
0.293 (0.104)∗
−7473.61

< 0.05.

to as threshold interactions. Such threshold interaction terms
have been considered in ﬁxed-eﬀects models by Peterson and
Harrell (1990), and in two-level mixed models by Hedeker and
Mermelstein (1998). To obtain the estimates of these nonproportional odds coeﬃcients, we diﬀerentiate the marginal log
likelihood as in equation (15), including ∂zijk /∂αc = uijk as a
multiplicative term in the derivative.
5.1 Application of the Nonproportional Odds Model
To illustrate the nonproportional odds version of the model,
we allow the substance use items to have diﬀerent eﬀects
on the cumulative logits. That is, instead of restricting the
thresholds to be equal across items as in Table 1, we add in
item by threshold interactions, the vector of nonproportional
odds coeﬃcients αc . As a result, the γ parameters represent
the thresholds for item 1, cigarette use, and the αc parameters
represent threshold diﬀerences attributable to the remaining
items. Results for this partial-proportional odds model are
listed in Table 2.
As seen in Model 4, based on a likelihood-ratio test, inclusion of these nonproportional odds coeﬃcients signiﬁcantly
improves model ﬁt, χ26 = 259.5, p < 0.0001. The results indicate that, with cigarette use as the reference, the thresholds for marijuana use and getting drunk or high are signiﬁ-

cantly diﬀerent (the thresholds for alcohol use are not diﬀerent
from those for cigarette use). In Figure 1, we plot the baseline cumulative logits for all items using both Model 3, the
proportional odds model (1a), and Model 4, the nonproportional odds model (1b). Without adding in item-by-time-bythreshold interactions, it is assumed that the spread of the
three cumulative logits remains the same over time in both
models. In Figure 1a, the spread of the three logits is the same
for all items as the result of the proportional odds assumption. The logits for marijuana use and getting drunk or high
are positioned higher in the ﬁgure, because more subjects are
in category 1 (never) for these two items than for cigarette
use and alcohol use. In Figure 1b, the spread of the logits
for the items of marijuana use and getting drunk or high are
signiﬁcantly diﬀerent from those for cigarette use due to the
nonproportional odds relaxation. As the ﬁgure indicates, the
thresholds are much closer together for these latter two items.
As mentioned earlier, AAYP was designed to compare interventions aimed at preventing health compromising behaviors in adolescents. Unfortunately, for the substance use behavior, the treatment eﬀect is not observed to be signiﬁcant in
that neither the treatment nor the treatment-by-time terms
are signiﬁcant. In this analysis, which is not shown, the treatment variable is deﬁned as 0 for the control group (HEC) and
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Figure 2. Nonproportional odds model for treatment
(Model 5): Cumulative logits across time.
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Figure 1. Cumulative logits for all four items at baseline.
(a) Model 3: Proportional odds model. (b) Model 4: Nonproportional odds model for items.

1 for the combination of the two treatment conditions (SDC
and SC). To further examine a potential treatment eﬀect and
to illustrate application of the nonproportional odds model,
we also considered whether the treatment eﬀect was proportional across the cumulative logits. The results for this analysis are listed in Model 5, Table 2. This model indicates that,
although the treatment eﬀect is not signiﬁcant for the ﬁrst
threshold (β 9 ), there are signiﬁcant treatment-by-threshold 2
(α52 ) and treatment-by-threshold 3 (α53 ) interactions. Here,
the second logit compares categories 3 and 4 versus categories
1 and 2, and the third logit compares category 4 versus categories 1, 2, and 3. Therefore, positive estimates for treatmentby-thresholds 2 and 3 interactions indicate higher response
probabilities in higher categories (more substance use) for the
treatment group relative to the control group. This result is
illustrated in Figure 2.
Using the cigarette item as an example, the controltreatment diﬀerence for the ﬁrst logit (comparing categories
2, 3, and 4 versus 1) is not signiﬁcant across all time points.
However, the lines of the second and third logit for the treatment group are above those of the control, indicating that
subjects in the treatment group are more likely to respond
in categories 3 and 4 across all time points. Note that with-

out item-by-treatment-by-threshold interactions, the pattern
of the treatment eﬀect is the same for the other items. While
it is unfortunate that this ﬁnding suggests an adverse eﬀect
of the treatment, our purpose here is to illustrate that our
model can handle this kind of situation (i.e., nonproportional
odds), which could lead to potentially interesting ﬁndings in
other circumstances.
6. Discussion
We proposed a three-level mixed-eﬀects IRT model for multivariate ordinal outcomes that includes multiple random subject eﬀects and allows for diﬀerent item discrimination parameters (item factor loadings). Covariates may be at any level
and do not have to follow the proportional odds assumption.
By relaxing this assumption for particular model covariates,
one can test this assumption using a standard likelihood-ratio
test. Parameter estimation is based on maximum marginal
likelihood estimation using multidimensional Gauss–Hermite
quadrature to numerically integrate over the distribution of
random eﬀects.
The analysis of a substance use data set supported use of
the proposed model over other simpler models. In particular,
the analysis presented indicated that the item factor loadings did vary and that there was appreciable heterogeneity
in subjects’ trends across time. Also, using a nonproportional
odds model for treatment provided a more informative analysis than using a proportional odds model. In these data, it
is seen that the treatment has a somewhat adverse eﬀect in
terms of the upper categories of the ordinal substance use
variables. By allowing for nonproportional odds, one has the
ability to ﬁnd potentially interesting results that the proportional odds model might gloss over or even miss entirely.
As noted, the solution via quadrature can involve summation over a large number of points when the number of random eﬀects is increased. This is because, at a given level, the
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number of total quadrature points equals Qr , where Q is the
number of points per random-eﬀects dimension and r is the
number of random eﬀects at that level. In the present example, there were two random subject eﬀects and a single random eﬀect for the items, and so the quadrature solution was
viable. However, for models with many more random eﬀects,
it would be beneﬁcial to employ adaptive quadrature methods that use fewer points per dimension, since the quadrature
is adapted to the location and dispersion for each subject
(Rabe-Hesketh, Pickles, and Skrondal, 2002).
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